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Abstract
In this paper, we introduce the generalized central Morrey spaces B˙p,ϕ (Rn) and get the
boundedness of a large class of rough operators on them. We also consider the
CBMO estimates of their commutators on generalized central Morrey spaces. As
applications, we obtain the boundedness characterizations of rough
Hardy-Littlewood maximal function, rough Calderón-Zygmund singular integral,
rough fractional integral, etc. on generalized central Morrey spaces.
MSC: 42B20; 42B25
Keywords: sublinear operators; commutator; central Morrey spaces; rough kernel
1 Introduction
Let ∈ Ls(Sn–) be homogeneous of degree zero onRn, where Sn– denotes the unit sphere
ofRn and s > .We deﬁne s′ = s/(s–) for any s > . Suppose that T represents a sublinear







where C >  is an absolute constant. Similarly, for any  < α < n, we assume that T,α







for any f ∈ L(Rn) with compact support and x /∈ supp f .
Let T be a linear operator. For a locally integrable function b on Rn, we deﬁne the com-
mutator [T ,b] by
[T ,b]f (x) = b(x)Tf (x) – T(bf )(x) (.)
for any suitable function f .
To study the local behavior of solutions to second-order elliptic partial diﬀerential equa-
tions, Morrey [] introduced the classical Morrey spaces Lp,λ(Rn). The readers can ﬁnd
more details in [].
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Let ≤ p <∞ and λ≥ . B(x, t) denotes a ball centered at x of radius t. Morrey spaces




n) = {f ∈ Lploc(Rn) : ‖f ‖Lp,λ(Rn) <∞},
where










When ≤ p <∞, Lp,(Rn) = Lp(Rn) and Lp,n(Rn) = L∞(Rn); when λ > n, Lp,λ(Rn) = {}.
Many authors have studied themapping properties ofmany operators onMorrey spaces;
see [–] and []. Alvarez et al. [], in order to study the relationship between central
BMO spaces and Morrey spaces, introduced λ-central bounded mean oscillation spaces
and central Morrey spaces.
Let λ < n and  < p <∞. A function f ∈ Lploc(Rn) belongs to the λ-central bounded mean
oscillation spaces CBMOp,λ(Rn) if










where fB(,r) = |B(,r)|
∫
B(,r) f (y)dy. If two functions which diﬀer by a constant are re-
garded as functions in the spacesCBMOp,λ(Rn), thenCBMOp,λ(Rn) spaces becomeBanach
spaces. CBMOp,λ(Rn) spaces become the spaces of constants when λ < – p and they coin-
cide with Lp(Rn) modulo constants when λ = – p .
Let λ ∈R and  < p <∞. The central Morrey spaces B˙p,λ(Rn) are deﬁned by










It follows that B˙p,λ(Rn) spaces are Banach spaces continuously included in CBMOp,λ(Rn)
spaces. B˙p,λ(Rn) spaces reduce to {} when λ < – p , and it is true that B˙p,–

p (Rn) = Lp(Rn),
B˙p,(Rn) = B˙p(Rn).
Recently, Guliyev [] introduced the generalizedMorrey spaces Lp,ϕ(Rn), where ϕ(x, r) is
a positivemeasurable function onRn×(,∞) and ≤ p <∞. For all functions f ∈ Lploc(Rn),
the generalized Morrey spaces Lp,ϕ(Rn) are deﬁned by
‖f ‖Lp,ϕ (Rn) = sup
x∈Rn ,r>
ϕ(x, r)–
∣∣B(x, r)∣∣– p ‖f ‖Lp(B(x,r)) <∞.
Obviously, if ϕ(x, r) = r
λ–n
p , Lp,λ(Rn) = Lp,ϕ(Rn).
When ≡ , Guliyev obtained the suﬃcient condition on ϕ and ϕ
∫ ∞
r
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for the boundedness of T satisfying (.) from Lp,ϕ (Rn) to Lp,ϕ (Rn) in [] and gave the
condition on the pair of (ϕ,ϕ)
∫ ∞
r












Inspired by the above, we consider the boundedness of sublinear operators on the fol-
lowing generalized centralMorrey spaces and give the λ-central boundedmean oscillation
estimates for linear operator commutators.
Deﬁnition . Let ϕ(r) be a positivemeasurable function onR+ and  < p <∞.We denote
by B˙p,ϕ(Rn) the generalized central Morrey spaces, the spaces of all f ∈ Lploc(Rn) with ﬁnite
quasinorm
‖f ‖B˙p,ϕ (Rn) = sup
r>
ϕ(r)–
∣∣B(, r)∣∣– p ‖f ‖Lp(B(,r)).
We can recover the spaces B˙p,λ(Rn) under the choice ϕ(r) = rnλ.
Recall that in  the doctoral thesis [] by Guliyev (see also [–]) introduced the
local Morrey-type space LMpθ ,ω given by
‖f ‖LMpθ ,ω =
∥∥ω(r)‖f ‖Lp(B(,r))∥∥Lθ (,∞) <∞,
whereω is a positivemeasurable function deﬁned on (,∞). Themain purpose of [] (also
of [–]) is to give some suﬃcient conditions for the boundedness of fractional integral
operators and singular integral operators deﬁned on homogeneous Lie groups in the local
Morrey-type space LMpθ ,ω . In a series of papers by Burenkov, HGuliyev andVGuliyev, etc.
(see [–]), some necessary and suﬃcient conditions for the boundedness of fractional
maximal operators, fractional integral operators and singular integral operators in local
Morrey-type spaces LMpθ ,ω were given.
Particularly, if θ = ∞, LMpθ ,ω = LMp,ω , then the generalized central Morrey spaces
B˙p,ϕ(Rn) are the same spaces as the local Morrey spaces LMp,ω with ω(r) = ϕ(r)–r–
n
p .
The following statements were proved in [] (see also []).






where C does not depend on r. Then the Calderón-Zygmund operator T is bounded from
B˙p,ϕ to B˙p,ϕ .






where C does not depend on r. Then the Riesz potential Iα is bounded from B˙p,ϕ to B˙q,ϕ .
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From Lemmas . and . in [] we get the following for the generalized central (local)
Morrey spaces B˙p,ϕ .
Theorem C Let  < p < ∞, T be a sublinear operator satisfying that for any f ∈ L(Rn)





|x – y|n dy,
and bounded on f ∈ Lp(Rn). Let also the pair (ϕ,ϕ) satisfy the condition
∫ ∞
r







where C does not depend on r. Then the operator T is bounded from B˙p,ϕ to B˙p,ϕ .
TheoremD Let  < p <∞,  < α < np , q = p – αn , Tα be a sublinear operator satisfying that





|x – y|n–α dy,
and bounded from f ∈ Lp(Rn) to f ∈ Lq(Rn). Let also the pair (ϕ,ϕ) satisfy the condition
∫ ∞
r







where C does not depend on r. Then the operator Tα is bounded from B˙p,ϕ to B˙q,ϕ .
2 Sublinear operator with rough kernel
Theorem E Let ω be a positive weight function on (,∞). The inequality
ess sup
t>
ν(t)Hωg(t)≤ c ess sup
t>
ν(t)g(t)








ess sup<τ<r ν(τ )
<∞,






g(r)ω(r)dr,  < t <∞.
Note that TheoremE can be proved analogously to Theorem  in []; particularly, when
ω ≡ , it was proved in [].
In this section we are going to discuss the boundedness of T and T,α on generalized
central Morrey spaces.
Lemma . Let  < p <∞, T be a sublinear operator and satisfy (.) with  ∈ Ls(Sn–).
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When s′ ≤ p and T is bounded on Lp(Rn) for  < p <∞, then the inequality







p –‖f ‖Lp(B(,t)) dt
holds for any ball B(, r) and for all f ∈ Lploc(Rn); or p < s and T is bounded on Lp(Rn) for
 < p <∞, then the inequality











s –‖f ‖Lp(B(,t)) dt
holds for any ball B(, r) and for all f ∈ Lploc(Rn).
Proof Let  < p <∞. For any r > , set B = B(, r) and B = B(, r). We write
f (x) = f (x)χB(x) + f (x)χ(B)c (x) := f(x) + f(x)
and have
‖Tf ‖Lp(B) ≤ ‖Tf‖Lp(B) + ‖Tf‖Lp(B).
Since Tf is bounded on Lp(Rn), it follows that
‖Tf‖Lp(B) ≤ ‖Tf‖Lp(Rn) ≤ C‖f‖Lp(Rn) = C‖f ‖Lp(B),
where the constant C >  is independent of f .




∣∣f (y)∣∣∣∣(x – y)∣∣ dy|y|n .
(i) When s′ ≤ p and by Fubini’s theorem, we have
∫
(B)c





















∣∣(x – y)∣∣s dy
) 
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∣∣(x – y)∣∣s dx
) 
s
|B| p– s dy dttn+

















On the other hand, for any q > , we have

















Combining the above estimates, we complete the proof of Lemma .. 
Theorem . Let  < p < ∞ and  ∈ Ls(Sn–). Let T be a sublinear operator satisfying
(.) and bounded on Lp(Rn) for p > . If either of the two conditions
(i) when s′ ≤ p, (ϕ,ϕ) satisﬁes the condition
∫ ∞
r







(ii) when p < s, (ϕ,ϕ) satisﬁes the condition
∫ ∞
r








dt ≤ Cϕ(r)r ns
is satisﬁed, then the operator T is bounded from B˙p,ϕ to B˙p,ϕ .
Proof When s′ ≤ p, by Lemma . and Theorem E, for ω ≡ , p > , we have












































= C‖f ‖B˙p,ϕ .
For the case of p < s, we can use the same method to prove the desirable conclusion. 
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for any test function f and x /∈ supp f . The kernel is a locally integral function deﬁned away
from the diagonal satisfying the size condition
K(x, y)≤ C |x – y|n
for all x, y ∈Rn and x 
= y.
f ∈ Lloc, the rough Hardy-Littlewood maximal functionM is deﬁned by







Then we can get the following corollary.
Corollary . Let  < p <∞ and  ∈ Ls(Sn–). If either of the two conditions
(i) when s′ ≤ p, (ϕ,ϕ) satisﬁes the condition
∫ ∞
r







(ii) when p < s, (ϕ,ϕ) satisﬁes the condition
∫ ∞
r









is satisﬁed, then M and T˜ are both bounded from B˙p,ϕ to B˙p,ϕ .
In the following statements, the boundedness of T,α satisfying (.) in generalized cen-
tral Morrey spaces is proved.






n , T,α be a sublinear operator and satisfy
(.) with  ∈ Ls(Sn–).
When s′ ≤ p and T,α is bounded from Lp(Rn) to Lq(Rn), then the inequality







q –‖f ‖Lp(B(,t)) dt
holds for any ball B(, r) and for all f ∈ Lploc(Rn); or q < s and T,α is bounded from Lp(Rn)
to Lq(Rn), then the inequality











s –‖f ‖Lp(B(,t)) dt
holds for any ball B(, r) and for all f ∈ Lploc(Rn).
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n . For any r > , set B = B(, r) and B = B(, r).
We write
f (x) = f (x)χB(x) + f (x)χ(B)c (x) := f(x) + f(x)
and have
‖T,αf ‖Lq(B) ≤ ‖T,αf‖Lq(B) + ‖T,αf‖Lq(B).
Since T,αf is bounded from Lp(Rn) to Lq(Rn), it follows that
‖T,αf‖Lq(B) ≤ ‖T,αf‖Lq(Rn) ≤ C‖f‖Lp(Rn) = C‖f ‖Lp(B),
where the constant C >  is independent of f .




∣∣f (y)∣∣∣∣(x – y)∣∣ dy|y|n–α .
(i) When s′ ≤ p and by Fubini’s theorem, we have
∫
(B)c





















∣∣(x – y)∣∣s dy
) 























































∣∣(x – y)∣∣s dx
) 
s
|B| q– s dy dttn+–α
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Similarly, combining the above estimates, we ﬁnish this proof. 






n and  ∈ Ls(Sn–). Let T,α be a sublin-
ear operator T satisfying (.) and bounded from Lp(Rn) to Lq(Rn). If either of the two
conditions
(i) when s′ ≤ p, (ϕ,ϕ) satisﬁes the condition
∫ ∞
r







(ii) when q < s, (ϕ,ϕ) satisﬁes the condition
∫ ∞
r








dt ≤ Cϕ(r)r ns
is satisﬁed, then the operator T,α is bounded from B˙p,ϕ to B˙q,ϕ .






n , we have












































= C‖f ‖B˙p,ϕ .
For the case of q < s, we can also use the same method to prove the desirable conclu-
sion. 
f ∈ Lloc, the rough fractional maximal function M,α and the rough fractional integral
I,α are deﬁned by












|x – y|n–α dy
for  < α < n.






n and  ∈ Ls(Sn–). If either of the two
conditions
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(i) when s′ ≤ p, (ϕ,ϕ) satisﬁes the condition
∫ ∞
r







(ii) when q < s, (ϕ,ϕ) satisﬁes the condition
∫ ∞
r








dt ≤ Cϕ(r)r ns
is satisﬁed, then M,α and I,α are both bounded from B˙p,ϕ to B˙q,ϕ .
Remark  When s = ∞, the comments in Theorem . and in Theorem . can be ob-
tained from Lemmas . and . in [].
3 The commutators of a linear operator with rough kernel
Let T˜ be a Calderón-Zygmund singular integral operator and b ∈ BMO(Rn). The commu-
tator operator [T˜ ,b] is deﬁned by
[T˜ ,b]f (x) = b(x)T˜f (x) – T˜(bf )(x).
A well-known result of Coifman et al. [] states that the commutator [T˜ ,b] is bounded
on Lp(Rn) for  < p <∞ if and only if b ∈ BMO(Rn).
Since BMO ⊂ ⋂p>CBMOp,λ when λ = , if we only assume b ∈ CBMOp,λ, then [T˜ ,b]
may not be a bounded operator on Lp(Rn). However, it has some boundedness properties
on other spaces. As a matter of fact, in [] and [], they considered the commutators
with b ∈ CBMOp,λ. Here we also obtain some boundedness of the commutators with b ∈
CBMOp,λ on generalized central Morrey spaces.










g(r)dr,  < t <∞.
Theorem F [] The inequality
ess sup
t>
ν(t)Hg(t)≤ c ess sup
t>
ν(t)g(t)











ess sup<τ<r ν(τ )
<∞,
and c≈ A.
Lemma . Let  < p < ∞, b ∈ CBMOp,λ,  < λ < n and p = p + p , T is a sublinear
operator and satisﬁes (.) with  ∈ Ls(Sn–).
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When s′ ≤ p and T is bounded on Lp(Rn) for  < p <∞, then the inequality





 + ln tr
)




holds for any ball B(, r) and for all f ∈ Lploc(Rn); or p < s and T is bounded on Lp(Rn) for
 < p <∞, then the inequality





 + ln tr
)






holds for any ball B(, r) and for all f ∈ Lploc(Rn).
Proof Let  < p < ∞, b ∈ CBMOp,λ and p = p + p . For any r > , set B = B(, r) and
B = B(, r). We can write
























=: I + I + I + I.
Hence, we have
∥∥[T,b]f ∥∥Lp(B) ≤ ‖I‖Lp(B) + ‖I‖Lp(B) + ‖I‖Lp(B) + ‖I‖Lp(B).


















≤ Cr np +nλ‖b‖CBMOp,λ‖f ‖Lp (B),
where the constant C >  is independent of f .
























≤ Cr np +nλ‖b‖CBMOp,λ‖f ‖Lp (B).
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For I, it is known that x ∈ B, y ∈ (B)c, which implies  |y| ≤ |x – y| ≤  |y|.

























∣∣(x – y)∣∣s dy
) 





















≤ Cr np +nλ
∫ ∞
r









 + ln tr
)

























































∣∣(x – y)∣∣s dx
) 
s
|B| p – s dy dttn+












 + ln tr
)























∣∣b(y) – bB(,t)∣∣∣∣f (y)∣∣∣∣(x – y)∣∣dy dttn+







∣∣bB(,r) – bB(,t)∣∣∣∣f (y)∣∣∣∣(x – y)∣∣dy dttn+
=: I + I.












∣∣(x – y)∣∣s dy
) 






∣∣b(y) – bB(,t)∣∣p dy
) 











































∣∣(x – y)∣∣s dy
) 





 + ln tr
)













 + ln tr
)













 + ln tr
)











∣∣b(y) – bB(,t)∣∣∣∣f (y)∣∣
(∫
B









∣∣b(y) – bB(,t)∣∣∣∣f (y)∣∣dy dttn– ns +
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∣∣b(y) – bB(,t)∣∣p dy
) 





≤ Cr np – ns
∫ ∞
r




























≤ Cr np – ns
∫ ∞
r











 + ln tr
)

















 + ln tr
)







Moreover, for any q > , we have
r
n











≤ Cr np + nq
∫ ∞
r









 + ln tr
)





Now combining all the above estimates, we end the proof. 
Then we have the following conclusions.
Theorem . Let  < p < ∞, b ∈ CBMOp,λ,  < λ < n , p = p + p and  ∈ Ls(Sn–). Let
T be a linear operator satisfying (.) and bounded on Lp(Rn) for p > . If either of the two
conditions




 + ln tr
)











 + ln tr
)








dt ≤ Cϕ(r)r ns
is satisﬁed, then the operator [T,b] is bounded from B˙p,ϕ to B˙p,ϕ .
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Corollary . Let  < p < ∞, b ∈ CBMOp,λ,  < λ < n , p = p + p and  ∈ Ls(Sn–). If
either of the two conditions




 + ln tr
)











 + ln tr
)








dt ≤ Cϕ(r)r ns
is satisﬁed, then the operator [T˜,b] is bounded from B˙p,ϕ to B˙p,ϕ .
About the commutator of linear operator T,α satisfying (.), we get the following cor-
responding results.


















T–α is a sublinear operator and satisﬁes (.) with  ∈ Ls(Sn–).
When s′ ≤ h, T,α is bounded from Lt(Rn) to Lm(Rn) for any  < t < nα and m = t – αn , then
the inequality





 + ln tr
)




holds for any ball B(, r) and all f ∈ Lploc(Rn); or q < s, T,α is bounded from Lt(Rn) to






n , then the inequality





 + ln tr
)






holds for any ball B(, r) and all f ∈ Lploc(Rn).
Proof Let  < α < n,  < p < nα , b ∈ CBMOp,λ,  < λ < n . For any r > , set B = B(, r) and
B = B(, r). We also write
f (x) = f (x)χB(x) + f (x)χ(B)c (x) := f(x) + f(x)
and






















=: II + II + II + II.
Fan Journal of Inequalities and Applications 2013, 2013:411 Page 16 of 20
http://www.journaloﬁnequalitiesandapplications.com/content/2013/1/411
Hence, we have
∥∥[T,α ,b]f ∥∥Lp(B) ≤ ‖II‖Lp(B) + ‖II‖Lp(B) + ‖II‖Lp(B) + ‖II‖Lp(B).






















≤ Cr np +nλ‖b‖CBMOp,λ‖f ‖Lp (B),
where the constant C >  is independent of f .


































≤ Cr np +nλ‖b‖CBMOp,λ‖f ‖Lp (B).
For I,

























∣∣(x – y)∣∣s dy
) 
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 + ln tr
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∣∣(x – y)∣∣s dx
) 
s
|B| q– s dy dttn–α+












 + ln tr
)







On the other hand, for I, by Fubini’s theorem, we have
∣∣[T,α ,b]f(x)∣∣ ≤ C
∫
(B)c



















∣∣f (y)∣∣∣∣(x – y)∣∣dy dttn–α+
=: I + I.












∣∣(x – y)∣∣s dy
) 






∣∣b(y) – bB(,t)∣∣p dy
) 










































∣∣(x – y)∣∣s dy
) 





 + ln tr
)













 + ln tr
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 + ln tr
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∣∣b(y) – bB(,t)∣∣∣∣f (y)∣∣
(∫
B









∣∣b(y) – bB(,t)∣∣∣∣f (y)∣∣dy dttn– ns –α+





∣∣b(y) – bB(,t)∣∣p dy
) 
p ‖f ‖Lp (B(,t))tn– nh dttn– ns –α+
≤ Cr np – ns
∫ ∞
r




























≤ Cr np – ns
∫ ∞
r











 + ln tr
)



















 + ln tr
)







Then we end this proof. 


















Let T,α be a linear operator satisfying (.) with  ∈ Ls(Sn–), which is bounded from






n . If either of the two conditions




 + ln tr
)











 + ln tr
)








dt ≤ Cϕ(r)r ns
is satisﬁed, then the operator [T,α ,b] is bounded from B˙p,ϕ to B˙p,ϕ .



















If either of the two conditions




 + ln tr
)











 + ln tr
)








dt ≤ Cϕ(r)r ns
is satisﬁed, then the operator [I,α ,b] is bounded from B˙p,ϕ to B˙p,ϕ .
Remark  In our main results, if we let ϕ = rnλ and ϕ = rnλ , then by calculating we can
recover some known results in [] and [].
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